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Abstract An analytical solution of the long-wave (or shallow-water) equation in closed-form is obtained
for simple harmonic waves scattered by a submerged circular truncated shoal. This analytical solution is
firstly validated against Longuet-Higgins’s classical analytical solution for a submerged cylinder, and then
validated against numerical solutions obtained by using the DRBEM (dual reciprocity boundary-element
method) model for a submerged circular truncated cone. Finally, the analytical solution is used to investi-
gate the changing trend of maximum wave amplification, the trace pattern of focal position of wave-energy
versus the wave period and the influence of shoal submergence on wave-energy trapping.

Keywords Analytical solution - Long-wave equation - Shoal submergence - Submerged circular
truncated shoal - Wave refraction and diffraction

1 Introduction

In a study on the phenomenon of wave refraction and diffraction, analytical solutions are to be favored
over experimental data when they are used to verify numerical models; indeed, the accuracy of analytical
solutions is only limited by the underlying assumptions and they are also more efficient than experimental
data to reveal unknown physical phenomena. However, analytical solutions are, in general, only obtainable
for simple bottom geometry or the simple wave equation. In linear wave theory, the mild-slope equation
[1] has proved to be a very useful model for a wide range of water-wave problems; however, an exact
analytical solution to it is still impossible as the wave-dispersion equation is implicit; even so, an approxi-
mate analytical solution has been recently presented in [2]. If we restrict our study to the linear long-wave
equation, the problem becomes simpler and exact analytical solutions are possible.

In one dimension, Liu and Lin [3] and Lin and Liu [4] recently presented a closed-form analytical
solution for wave interaction with a trench and an obstacle of general trapezoidal shape, which includes
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Fig. 1 A definition sketch of a submerged truncated shoal, where ; = hog—:,n,: (@m=10b)ym=2

several well-known analytical solutions as special cases, such as Lamb’s classical solution [5] for waves
passing over an infinitely long step, Mei’s solution [6, pp. 130-134] for waves past a rectangular obstacle
and Dean’s solution [7] for an infinitely long shelf located behind a linear slope.

In two dimensions, several analytical solutions of the long-wave equation have been found for some
axisymmetrical bottom geometries: for example, for a submerged cylinder [8], a cylindrical island mounted
on a paraboloidal shoal [9], a conical island [10] and a cylindrical island mounted on a conical shoal [11].
Yu and Zhang [12] also derived a uniform form of the solutions to the long-wave equation for a cylindrical
island mounted on an axisymmetrical shoal with different shapes. Kanoglu and Synolakis [13] also solved
the long-wave equation analytically for wave scattering by a conical island; however, their solution is
actually an approximate solution, as the conical island is approximated by a series of sills in a stepwise
fashion. Very recently, Suh et al. [14] derived an analytical solution for long waves propagating over a
circular bowl pit.

In this paper, we seek an analytical solution of the long-wave equation for wave scattering by a submerged
circular truncated shoal with the bottom geometry being an arbitrary power function (Fig. 1).

2 Solution technique

Consider the scattering of simple harmonic waves by a submerged circular truncated shoal, where a, b, h;
and A are the radius of the truncated plane, the radius of the toe, the water depth in the centre of the
shoal and the constant water depth outside the shoal, respectively. Let x,y and z be Cartesian coordinates
with origin located at the vertex of the un-truncated shoal on the still water level; then the water depth is
given by

hy, 0<r=<a,
h(x,y) =h(r)={ fr", a<r<b, 1)
ho, r>b,

where r = \/x2 + y2 and hy : hg = a™ : b™.
According to the linear long-wave theory, the water elevation n = 5(x, y) satisfies the linear long-wave
equation as follows:
w2
V- (hVn) +En =0, (2)

in which V = (3/0dx, d/dy), w is the angular frequency and g the gravitational acceleration.
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For harmonic waves, an incident wave with unit amplitude propagating along the positive x-axis can be
expressed as

Nine = eikox, (3)

where ko is the wave number related to the constant water depth Ay, i.e., ko = w/+/gho. Since the topography
is axisymmetric, we may introduce cylindrical coordinates (r,6) with

X =rcosf,
[ y =rsinf. )
Under the new coordinates, Eq. 2 is transformed into

2y dhon hon hd*n  ?

—+——+-——4+5—+—n=0. 5

or? dr8r+r8r r28t92+g'7 ©)
By expanding n in Eq. 5 into a Fourier-cosine series as follows:

o

n(r,0) = > Ru(r)cosnd, (0<6 <2m), (6)

n=0

in which the integer n corresponds to solutions of different angular modes, and by using the technique of
variable separation, the partial differential equation (5) can be transformed into an ordinary differential
equation for each angular mode,

2 2
hrzd Ru(r) n [ﬂ% +hr] dRu(r) + [%rz - nzh] Ry (r) = 0. )

dr? dr dr

In the inner region with constant water depth 4, Eq. 7 degenerates into a Bessel equation of the real
order n:

d’R,(r)  dR,("
2 n n
T e T
which has, in general, two independent particular solutions J,, (k1r) and Y, (kir), where J,,(kqr) is the Bessel
function of the first kind of order n and Y,,(kyr) is the Bessel function of the second kind of order n with

k1 being the local wave number with respect to the constant water depth A1, i.e., ki = w/\/ghi. However,
it is noted that Y}, (kqr) is singular at r = 0. Therefore, the general solution to Eq. 8 is just

Ru(r) = AV T, (kyr), O]

[k%r2 — n2] R,(r) =0, ®)

and the water elevation in this region can be expressed as

o0
n=m0) = ZA;I)Jn(klr) cosnf, (r<a,0<0 <2m), (10)

n=0

in which, the constant coefficients Aﬁll) are yet to be determined.

In the outer region with constant water depth /g, Eq. 7 also degenerates into a Bessel equation of the
real order n:
PSR dR()

dr? dr
It is well-known that the water elevation may be written as [15]

+ [k%r2 — n2] R, (r) =0. (11)

n = n3(r,0) = Ninc(r,0) + 15(r,0)

o0
- Z[i”en]n(kor) + AWHD (kor)] cosnb, (r=b,0 <6 <2m), (12)

n=0
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in which H,(,l)(kor) is the Hankel function of the first kind of order » and the Jacobi symbols ¢, = 1 for
n =0ande¢, =2forn > 0, respectively. In addition, the Sommerfeld far-field radiation condition has been
used. The constant coefficients A,(14) are also yet to be determined.

We now consider the region with variable water depth. By putting (1) into (7), we have
2

d°R dR
rmvzn + (m+ 1)rm_1d—r" + (% = n* "R, = 0, (13)

where T = wv/b"/\/ghy.
Ifm=2, Eq. 13 becomes

dZR
a2 d —n)R, =0, (14)

which is the Euler equation. The general solution is known to be

A,(qz)r_1 —}—Aff)r_1 logr, w, =0,
RiN=1 0 ) (15)
AP 4 AP, 0,

with w, = v/n? +1 — t2. The coefficients AZZ) and A£,3) are to be determined.

If m # 2, we introduce the following transforms

1—-m = _m_ _m_ 22
t=cr 2, R, () = ¢cm—2t2-m R, (cmthZfrn) , (16)
with ¢ = |2 . Note that
R, (r) = cTmtmn=2 Ry (1), (17)
dR,(r) 2—m me2 2 dR,(t) M mi2 mi2 -
= ———C2-mfm=-2 — —c2-mtm=2 R (¢t 18

dr 2 a 2° n(®), (18)
d’Ry(r) (2 —m)? Lt d’R, (1)  3m(m —2)6%2% dR, (1)

a2 4 dr? 4 dr

2) mid mid -
M4 D) B Ry o), (19)

Equation 13 reads

d’R,  dR,
2 2

R, =0, 20

with v, = v4n? + m?/|2 — m|. Again, Eq. 20 is the Bessel equation of the real order v, and its general
solution can be written as

Ry(0) = AP, (t) + ADY, (1). (21)

The constant coefficients A and A are yet to be determined. From (6), (15), (16) and (21), the water
elevation in this region can be written as

>0 [As,z)r_1 + A log r] cosnb, m=2,u, =0,
nr0) =13, [Aﬁ,z)r“"’1 + A,(13)r’“"*1] cosné, m =2, #0, (22)

Salor? [Aﬁzz)fu,, ' =% +A5Y,, (crl_%)] cosnf, m #2.

The continuity of the wave elevations and the flow fluxes at r = a and r = b requires the following
conditions

n(a,0) = n2(a,0), (23)
9 9
Th@6) = S2(.0), 24)
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%(b,@) - %(b,@). (26)
to be satisfied. Equivalently,

aly(kia) AV — AP —logaA® =0, (27)
@’k T, (ki) AD + AP + (loga — DAY =0, (28)
AP +10gbAY — bHV (kob)AY = bi"e,d, (kob), (29)
AP+ (logh — 1)AD + b?koH'" (koh)AY = —b*koi" e, !, (kob), (30)
for m =2 and u, = 0, and

Ta(keia)AD — atn=1A@ _ g=1n=146) — ¢, (31)
ki (i) AD — (up — Da 2AR + (uy + Da A =0, (32)
bt AP 4 p= =1 A®) _ HD (kob)AD = i€, ], (kob), (33)
(n — DB 2AD — (u + Db 7243 — kg HD (kob)AD = koie, ], (kob), (34)
for m = 2 and u, # 0, and

ki) ALY —a= 5], (ca"2)AP —a=7Y, (ca'=7)AD =0, (35)
kyJ (ki) AV + Cr(a)AP + Cy (@AY =0, (36)
b=, (ch' " AP + b7 7Y, (cb'"7T)AD — HV (koh)AD = i"¢,J,,(kob), (37)
Ci(D)AD + Cy(H)AD + koH'V (kob)AD = —koi"e, ]!, (kob), (38)
for m # 2, where

Cy(r) = gr_mT”JUn (cr'= %) + mT_Zcr_mJ;n (crl_%) , (39)
Cy(r) = %r—’”%z Y, (cr'™%) + mz_ 2cr—mygn (crl—%) . (40)

By solving the system (27-30), all the four coefficients AP, AP, A and AP can be determined as
follows

AV =DyD, i=1,...,4, (41)

where D; and D are given below with respect to different cases:
(1) whenm =2, u, =0,

D 2b2€nin+l
1 - T )
2 b2 n+1
Dy = =20 (), (kya)(1 — log a) — akyJ,,(kya) loga]
b
2ab%e, i1
D3 = T” [Jn(k1a) + akiJ;,(kia)],

b b

Dy = —ae,i"J, (kia) |:(1 + log ;) bzkol,’l(kob) + bJ,, (kob) log ;]

2 ny/ 2 / b b
—a“kieqi"J, (k1a) | b kot (kob) log — + b, (kob) {log— —1) |,

a a
b\ v M b
D =aly(a) | (1 +10g 2 ) b2koHY (kob) + bH (kob) log =
a a

, b b
+ d®kyJ), (k1a) [bzkoH,gD (kob) log — + bHV (kob) (log - 1)] :
a a
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(2) whenm =2, u, #0,

dunie,
D= ———
1 ma’h ’
2i"¢
Dy = nbn [(un + Da =2, (kya) + kla—#"‘lj;(kla)] )
2i"
D3 = “én I:(M" —_ 1)(1””_2]"(/(1&) — klaﬂn_l.];(/qd)] )
b47)

Dy = —i"eukoln (ki) (kob) [ (1t = 1) @ =267~ 4 (u, + 1) a2t~ |
— ey (12 — D)y (kya)n(kob) [a“”_zb_“"_z - a‘“"‘zb“"_z]
+ ienkikol,, (ki) (kob) [ahn~ bt — grnlprnt ]
+ ienkid (@) (Kob) | (o + Dt =162 o = Dt p2 ]
D = koJu(ki@HSY (kob) [ (n = 1) @ 2577 4 (g + 1y a2 |
+ (1] = D@ HY (kob) [ 2p12 — g2 =2
— kkoJ! (kyayHSY' (kob) [a”"_lb_“"_l - a"‘"‘lb“"_l]

— kyJ! (keya)H'V (kob) [(Mn + Datn=tp= =2 4 (uyy — 1)a‘“"‘1b“"‘2] :
(3) when m # 2,
_2(m = 2)eui™!

Dy = x2amtlp
2 .n+1 m m
Dy = = [Cy@la(kia) + ka3, (@)Y, (ca' )]
2 n+1 m m
Ds = == [Cr@Iutaa) + ka3 (ki (ca' =) |

1-2\ 1-m m
D — eth= 1 (kray | @Yo (D' 7F) = Cy@l, (0% b¥Tuthob)

Cy(a)Cy(b) — Cy(a)Cy(b) —koJ, (kob)
m Ju, (cal’%) Yy, (cbl’%) -Y,, (cal’%)lun (cbl’%) b%J,,(kob)
+ eni"ky(ab)~ 2 ]}, (k1a) m m ,
I, (ca]’f) Cy(b) — Yy, (ca]’T) Cy(b) —koJ!, (kob)
n Cr@Y,, (cb'=%) — Cy(a),, (cb'=%) —b% HLY (kob
D= b % k| @Yo (DF) = Cr@d, (') 3 ob)
Cr(a)Cy(b) — Cy(a)Cy(b) koH, " (kob)
mo Ty, (cal_%) Yy, (cbl_%) -Y,, (cal_%)Jun (cbl_%) —b%Hﬁll)(kob)
+ ki(ab)™ 2 ], (k1a) 1m |m 6% ‘
T, (ca - z) Cy(®) = Yy, (cal” z) Cy(b) koHY (kob)

3 Results and discussion
3.1 Convergence of solution

The analytical solution presented in this paper is expressed as three infinite series (10), (12) and (22),
which need to be truncated in a practical calculation, that is, a large enough integer N, which means the
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total angular modes, need to be found such that these infinite series are approximated by finite series
with the desired accuracy. Computational tests are conducted under the following geometrical parameters:

b=10m,hy=1m, h; =0.5m,a= (hy/ho) % b.Itis found that, when the wave amplification along a specific
circle around the shoal is calculated, the shorter the incident waves are, the more the angular modes are
needed. On the other hand, for the same incident wave, the further out the solutions are sought, the more
the angular modes are needed, to obtain an accurate solution.

For example, for a shoal with power m = 1 and incident waves with period T = 15 s (kphg = 0.1338),
when we calculate the wave amplification along the circle » = 2b, 10 angular modes suffice to obtain
convergent results with the absolute error being less than 0.5 x 10~5. However, when we consider the wave
amplification along the circle r = 9b, 25 angular modes have to be used to obtain accurate results. On the
other hand, as the wave period is reduced to 7' = 7 s (kohy = 0.2867), 15 angular modes have to be used
to obtain convergent results with the same accuracy when we calculate the wave amplification along the
circle r = 2b.

3.2 Verification

The current analytical model is firstly validated against the analytical solution by Longuet-Higgins for a
submerged cylinder [8]. As shown in Fig. 2a, when we fix the parameters b, hg, 41 and let the power m
increase, we can obtain a series of submerged circular truncated shoals which will approach a submerged
cylinder. For b = 10m, hp = 1m, h; = 0.5m and m = 1,2,5,10 and 60, wave amplification along the x-axis
is calculated and displayed in Fig. 2b. It can be seen that, as m increases, the current analytical solutions
approach to Longuet-Higgins’s analytical solution for a submerged cylinder [8].

Secondly, the current analytical model is validated against the numerical results by using the DRBEM
(dual reciprocity boundary element method) model [16,17]. For convenience of comparison, we choose
a submerged circular truncated cone (i.e., m = 1) with the following geometrical parameters: a = 10 km,
b = 30km, hp = 4km and hy = ho/3. To the authors’ knowledge, the experimental data of wave ampli-
fication has never been reported before for this kind of submerged circular truncated cone. The wave
amplifications along both the x-axis and the y-axis for the case of T = 480 are calculated by using both the
DRBEM model [16,17] and the present analytical model. The results are plotted in Fig. 3a, b. It is shown
that the agreement between the two solutions is excellent along both the x- and y-axis.

m=1 2 3 6\ 12\30| |60
=
g
§
k=]
=
£
<
o
z
=
0.8
9 6 3 0 3 6 9
x/b
(a) (b)

Fig. 2 (a) A series of submerged circular truncated shoals approximates a submerged cylinder; (b) comparison between the
present solutions for submerged circular truncated shoals and Longuet-Higgins’s solution for a submerged cylinder [8]
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Fig. 3 Wave amplifications for a submerged circular truncated cone (i.e., m = 1) and for incident waves with T = 480 s,
calculated by the DRBEM model [16,17] and by the present analytical model: (a) along the x-axis, (b) along the y-axis
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Fig. 4 The changing trend of (a): focal position and (b): maximum wave amplification along the x-axis, in the case of m = 1

3.3 Influence of wave period on scattering pattern

With the above validation of the current analytical model, we first investigate, for a fixed shoal submergence
hy/ho, how the wave period would affect the wave scattering pattern. For m = 1,2,3, we choose the fol-

lowing geometrical parameters: b = 30km, Ay = 4km, hy = ho/9 and a = (h /ho)% b. We calculated
the maximum wave amplifications along the x-axis for a large number of cases with the incident wave
period ranging from 400s (koho = 0.32279) to 4100 s (koho = 0.03097). When m = 1, it can be seen from
Fig. 4a, b that both the focal position of wave energy and the maximum wave amplification are monotonic
functions of kohy; this means that, within the long-wave range, the focal point moves downstream and the
maximum wave amplification increases with the decrease of incident wave period. This coincides with the
refraction—diffraction theory for a submerged un-truncated shoal [18].

The case of m = 2 has also been studied by Lin and Liu [19], where, by employing an explicit Padé
approximation to the implicit wave-dispersion relationship, an analytical solution to the approximated
mild-slope equation in terms of series expansions was developed. Using their approximate analytical
model, Lin and Liu investigated both the changing trend of the maximum wave amplification and the trace
of the focal position of wave energy. It was observed that the maximum wave amplification is a multi-peak
function, rather than a mono-peak function of kohg; see Fig. 5b. In addition, when the period increases
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Fig. 5 The changing trend of (a): focal position and (b): maximum wave amplification along the x-axis, in the case of m = 2

from T = 125s (kohp = 1.2255) to T = 2600s (koho = 0.04884), the focal point moves upstream from
9.5km to —9.5km; However, when the period further increases from 7" = 2600 s (kohy = 0.04884) to
T = 3100s (kohp = 0.04096), the focal point moves back from —9.5km to —8.5km; and at 7" = 3200 s
(koho = 0.03968), the focal point abruptly jumps to —67km and keeps moving upstream again with an
increase of wave period; see Fig. 5a. This exceptional trace pattern of the focal position is different from
the experimental data for a submerged un-truncated paraboloidal shoal [18] and has never been reported
before to the authors’ knowledge. However, since this observation is based on the results obtained by
the approximate model, rather than by an exact analytical model, it is necessary to be re-examined here
by using the current analytical model. A large number of cases with wave period ranging from 400 s
(koho = 0.32279) to 4100s (kohp = 0.03097) are tested and compared with Lin and Liu’s approximate
analytical solutions; see Fig. 5a, b. As we can see, the agreement between two groups of solutions is very
good within the long-wave range, and therefore the exceptional phenomenon revealed by Lin and Liu [19]
is confirmed.

A similar phenomenon can be also observed in the case of m = 3. As shown in Fig. 6a, when the period
increases from T = 400s (kohp = 0.32279) to T = 2200's (koho = 0.05773), the focal point moves upstream
from 11.2km to —7.05 km; however, when the period further increases from 7' = 2200s (koho = 0.05773)
to T = 4100s (koho = 0.03097), the focal point moves back from —7.05km to —4.8 km. In addition, as

1.2 7
L]
(a) m=3 . ® ° 1 (b) m=3 .
E oo’ 6
= .
S 08 - -
= . )
E < s
B . ]
£ =
:‘i 0.4 . [
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k=] . > |
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£ g, .
= 00 * £
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2 . g .
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Q . s
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= -04 ° 1 e’
3 \ o. 1 !
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... 4
-0.8 - - - - - - - 0 - - - - - - -
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k h k h

00 00

Fig. 6 The changing trend of (a): focal position and (b): maximum wave amplification along the x-axis, in the case of m = 3
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we can see from Fig. 6b, the maximum wave amplification is also a multi-peak function, rather than a
mono-peak function of kohy.

3.4 Influence of shoal submergence on scattering pattern

For a given incident wave, we look into the influence of the shoal submergence 41 /h on the wave-scattering
pattern. For four incident waves with their period being 900, 720, 600 and 480 s, respectively, we fix b = 30 km
and hp = 4km; some values of A1 /hg, which vary from 0.99 to 0.05, are tested for both the conical shoal
(m = 1) and the paraboloidal shoal (m = 2).

When m = 1, it is seen from Figs. 7-8 that, for the largest values of A /hg (e.g. 0.99 and 0.75, deep
submergence), the wave amplification is weak, as expected. As the shoal height increases (h1/hy = 0.50
and 0.25), the maximum value of amplification becomes larger. When hq/hy = 0.10, the amplification
further increases. If the shoal height further increases to the ratio /1 /hy = 0.05, the amplifications reach
1.41 (at x = —8km), 1.67 (at x = —3km), 2.04 (at x = —2km) and 2.78 (at x = 0 km), respectively.
A similar changing trend of the maximum wave amplification versus the shoal submergence is observed
form = 2.

25 25
(@) | Teo00 ——h /h =0.05 | (b) el T<720 s ——h /h =0.05
meh, 20 “t-oh b =0.10 ' ’ “teoh b =0.10
20 ~—o—h /h=0.25 2.0 —-0-=h /h=0.25
~—e—h /h =0.50 | ~—e—h /h =0.50
g = N N O h /h =075
S ] 0
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| Coa S m—
o © 1.0 —tam g ———————————
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05 05
0.0 ‘ ‘ ‘ ‘ ‘ ‘ 0.0
-9 -6 -3 0 3 6 9 -9 -6 -3 0 3 6 9
x/10km x/10km

Fig. 7 Wave amplification along the x-axis for incident waves 7" = 900 and 720 s with various shoal submergences
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Fig. 8 Wave amplification along the x-axis for incident waves 7" = 600 and 480 s with various shoal submergences
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As for the location of the focal point, when m = 1, it is interesting to observe that, for the three cases
with T'=900s, T = 720s and T = 600s, the focal points move downstream with a decrease of the shoal
submergence; however, for the other case with 7" = 480s, the focal points move upstream for decreasing
shoal submergence. When m = 2, the focal position along the x-axis versus the shoal submergence /i /hg
is plotted in Fig. 9. It is shown that, for relatively short waves (e.g., T = 480, 600 and 7205), the focal point
moves downstream first and then moves upstream for increasing shoal submergence. And for relatively
long waves (e.g., T = 900 s), the focal point moves upstream when the shoal submergence increases and
the distance of the focal point to the shoal centre is almost linearly proportional to A1 /hg. It is found that
the focal position always moves towards the shoal centre with a reduction of the shoal submergence.

4 Conclusion

In this study, an analytical technique is developed for solving the linear long-wave equation for water-wave
refraction and diffraction above a submerged circular truncated shoal. In particular, this approach is used
in this study to examine wave-energy trapping by a submerged shoal.

For a particular shoal submergence of 4 /hy, it is found from the analysis of the analytical results that,
when m = 1, wave amplification increases and the focus point shifts downstream with a wave period
decrease within the long-wave range. When m = 2 and m = 3, the maximum wave amplification is a
multi-peak, rather than a mono-peak function of kghy. When m = 3, the focal point moves upstream for
very long waves and then moves back when the wave period is increased. When m = 2, the trace pattern of
the focal position revealed by Lin and Liu [19], using an approximate analytical solution to the mild-slope
equation, is confirmed by our exact analytical solution.

For a particular incident wave, however, the maximal wave amplitude keeps increasing as the local
water depth above the shoal centre, which is characterized by h;/hg, decreases. The focal point moves
towards the shoal centre for a reduction of A /ho, although it may shift from either the upstream side or
the downstream side.
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